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Abstract
The standard Hamiltonian machinery, being applied to field theory, leads to
infinite-dimensional phase spaces. It is not covariant. In this article, we present co-
variant finite-dimensional multimomentum Hamiltonian formalism for field theory.
This formalism has been developed from 70th as multisymplectic generalization of
the Hamiltonian formalism in mechanics. In field theory, multimomentum canoni-
cal variables are field functions and momenta corresponding to derivatives of fields
with respect all world coordinates, not only the time. In case of regular Lagrangian
densities, the multimomentum Hamiltonian formalism is equivalent to the Lagran-
gian formalism, otherwise for degenerate Lagrangian densities. In this case, the
Euler-Lagrange equations become undetermined and require additional conditions.
In gauge theory, they are gauge conditions. In general case, these supplementary
conditions remain elusive. In the framework of the multimomentum Hamiltonian
machinery, one obtaines them automatically as a part of Hamilton equations. In
case of semiregular and almost regular Lagrangian densities, we get comprehensive
relations between Lagrangian and multimomentum Hamiltonian formalisms. The
key point consists in the fact that, given a degenerate Lagrangian density, one must
consider a family of associated multimomentum Hamiltonian forms in order to ex-
aust solutions of the Euler-Lagrange equations. We spell out degenerate quadratic
and affine Lagrangian densities. The most of field models are of these types. As a
result, we get the general procedure of describing constraint field systems.
1 Introduction
We follow the generally accepted geometric description of classical fields by sections of
fibred manifolds Y → X. Lagrangian and Hamiltonian formalisms on fibred manifolds are
phrased in terms of jet spaces. Given a fibred manifold Y → X , the k-order jet space JkY
of Y comprises the equivalence classes jkxs, x ∈ X , of sections s of Y identified by the first
(k+1) terms of their Taylor series at a point x. One utilizes the well-known facts that (i)
the jet space JkY is a finite-dimensional smooth manifold and (ii) a k-order differential
operator on sections of Y can be represented by a morphism of JkY to a vector bundle
over X . As a consequence, the dynamics of field systems is formulated in terms of finite-
dimensional configuration and phase spaces. Moreover, we get the differential geometric
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description of this dynamics, for there is the 1:1 correspondence between sections of the
jet bundle J1Y → Y and connections on Y → X .
In field theory, we can restrict ourselves to the first order Lagrangian formalism when
the configuration space is J1Y . Given fibred coordinates (xµ, yi) of Y , the jet space J1Y is
endowed with the adapted coordinates (xµ, yi, yiµ) which bring it into a finite-dimensional
smooth manifold. A first order Lagrangian density is represented by a horizontal exterior
density
L = L(xµ, yi, yiµ)ω, ω = dx1 ∧ ... ∧ dxn, n = dimX,
on J1Y → X . The associated Euler-Lagrange operator EL on the second order jet manifold
J2Y sets up the system of second order Euler-Lagrange equations for sections of the fibred
manifold Y . Its canonical extension E ′L to the sesquiholonomic subbundle Ĵ2Y of the
repeated jet manifold J1J1Y yields the equivalent system of first order Euler-Lagrange
equations for sections s of the fibred jet manifold J1Y → X . The Poincare´-Cartan form
ΞL = pi
λ
i dy
i ∧ ωλ − piλi yiλω + Lω, piλi = ∂λi L, (1)
associated with a first order Lagrangian density L is uniquely defined. With ΞL, we have
the Cartan equations
s∗(u⌋dΞL) = 0 (2)
for sections s of J1Y → X where u is an arbitrary vertical vector field on J1Y → X .
The equations (2) are equivalent to the first order Euler-Lagrange equations on sections
s which are jet prolongations s = J1s of sections s of Y → X .
At present, we observe the following main Hamiltonian approaches to field theory:
(i) the standard Hamiltonian formalism;
(ii) the Hamilton-De Donder formalism which has been developed as the counterpart
of the higher order Lagrangian formalism in the framework of the calculus of variations
[1-6];
(iii) the multimomentum Hamiltonian formalism which is the multisymplectic gen-
eralization of the conventional Hamiltonian formalism to fibred manifolds over an n-
dimensional base X , not only R [7-12].
In the straightforward manner when evolution is governed by the Poisson bracket, the
standart Hamiltonian formalism leads to infinite-dimensional symplectic spaces [13, 15].
Its application to constraint field systems follows the Dirac’s procedure generalized to
the infinite-dimensional case [14, 15]. In the naive Hamiltonian approach to field theory,
the Hamilton equations are replaced with the equations of the Hamilton-De Donder type
with respect to only a time coordinate x0 by means of substituting solutions yi0 of the
equations p0i = pi
0
i (x
µ, yi, yiλ) into the Cartan equations (2).
In the calculus of variations, the phase space is the manifold
Z =
n−1∧ T ∗X ∧ T ∗Y (3)
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into which the Poincare´-Cartan form ΞL takes its values [6, 9, 16]. This manifold is
endowed with the coordinates (xλ, yi, pλi , p) such that
(xµ, yi, pµi , p) ◦ ΞL = (xµ, yi, piµi , piµi yiµ − L).
It carries the canonical form
Ξ = pω + pλi dy
i ∧ ωλ, ωλ = ∂λ⌋ω, (4)
and the corresponding polisymplectic form dΞ. In case of n = 1, the form Ξ reduces to
the Liouville form Ξ = Edt+ pidy
i for the homogeneous formalism of mechanics where E
is the energy variable.
In the Hamilton-De Donder approach, a Hamiltonian form fails to be introduced in-
trinsically. Given a Lagrangian density L, it is defined to be the pullback of the canonical
form (4) by the natural injection iL of a submanifold ZL = ΞL(J
1Y ) into Z. The corre-
sponding equations are the Hamilton-De Donder equations
r∗(u⌋dHL) = 0 (5)
for sections r of the fibred manifold ZL → X where u is an arbitrary vertical vector field
on ZL → X . When the Poincare´-Cartan morphism ΞL : J1Y → Z is almost regular,
the Hamilton-De Donder equations (5) are equivalent to the Cartan equations (2) [6].
Consequently, in comparison with the Lagrangian machinery, the Hamilton-De Donder
formalism takes no advantageous of describing constraint systems.
In the multimomentum Hamiltonian formalism, the phase space is the Legendre ma-
nifold
Π =
n∧T ∗X ⊗
Y
TX ⊗
Y
V ∗Y (6)
into which the Legendre morphism L̂ associated with a Lagrangian density L on J1Y
takes its values. This manifold is provided with the fibred coordinates (xλ, yi, pλi ) such
that
(xµ, yi, pµi ) ◦ L̂ = (xµ, yi, piµi ).
The Legendre manifold (6) carries the generalized Liouville form
θ = −pλi dyi ∧ ω ⊗ ∂λ (7)
corresponding to the canonical bundle monomorphism
θ : Π→
Y
n+1∧ T ∗Y ⊗
Y
TX.
and the associated multisymplectic form
Ω = dpλi ∧ dyi ∧ ω ⊗ ∂λ. (8)
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If X = R, these reproduce respectively the Liouville form and the symplectic form in
mechanics.
The multimomentum Hamiltonian formalism is phrased intrinsically in terms of Hamil-
tonian connections which play the role similar Hamiltonian vector fields in the symplectic
geometry [8, 11, 12]. We say that a connection γ on the fibred Legendre manifold Π→ X
is a Hamiltonian connection if the form γ⌋Ω is closed. Then, a Hamiltonian form H on
Π is defined to be an exterior form such that
dH = γ⌋Ω (9)
for some Hamiltonian connection γ. Note that the manifold Z (3) is the 1-dimensional
affine bundle over the Legendre manifold (6). There is the 1:1 correspondence between
the Hamiltonian forms H on Π and the sections h of the bundle Z → Π so that H are
the pullbacks of the canonical form Ξ on Z by the sections h [9].
The key point consists in the fact that every Hamiltonian form admits splitting
H = pλi dy
i ∧ ωλ − pλi Γiλω − H˜Γω = pλi dyi ∧ ωλ −Hω (10)
where Γ is a connection on the fibred manifold Y [9, 10, 11]. In physical applications, one
can consider this splitting as the workable definition of Hamiltonian forms on Π [10, 17].
Given the Hamiltonian form H (10), the equality (9) comes to the Hamilton equations
∂λr
i(x) = ∂iλH, (11a)
∂λr
λ
i (x) = −∂iH (11b)
for sections r of the Legendre manifold Π→ X .
If a Lagrangian density L is hyperregular (i.e. L̂ is a diffeomerphism), there exists the
unique Hamiltonian form H such that the first order Euler-Lagrange equations and the
Hamilton equations are equivalent.
If X = R, the multimomentum Hamiltonian formalism reproduces the familiar Ha-
miltonian formalism of mechanics. In this case, we have the well-known bijection between
the Hamiltonian forms and the Hamiltonian connections. If one deals with constraints,
this bijection makes necessary the Dirac-Bergman procedure of constructing the chain of
k-class primary constraints spaces [14].
In the multimomentum Hamiltonian formalism when n > 1, we have a set of Hamil-
tonian connections for the same Hamiltonian form. Therefore, one can choose solutions
of the Hamilton equations living on a constraint space. Moreover, in case of a degenerate
Lagrangian system when the constraint space is Q = L̂(J1Y ), we observe a family of
different Hamiltonian forms H associated with the same Lagrangian density L.
If a Lagrangian density is degenerate, the system of the Euler-Lagrange equations is
underdetermind and require additional conditions. In gauge theory, they are gauge condi-
tions. In general case, these gauge-type conditions remain elusive. In the framework of the
multimomentum Hamiltonian formalism, we get them as a part of the Hamilton equations
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(11a). Different gauge-type conditions correspond to different associated multimomentum
Hamiltonian forms.
We shall restrict our consideration to (i) semiregular Lagrangian densities L when the
preimage L̂−1(p) of any point p ∈ Q is a connected submanifold of J1Y and (ii) almost
regular Lagrangian densities when J1Y is a fibred manifold over Q which is an imbedded
submanifold of Π. These notions of degeneracy seem most appropriate. Lagrangian
densities of fields are almost always both semiregular and almost regular. In this case,
we get the comprehensive relation between solutions of the Euler-Lagrange equations and
the Hamilton equations [11, 18].
If a Lagrangian density L is semiregular, all associated Hamiltonian forms H consist
with each other on the constraint space Q. For an associated Hamiltonian form H , every
solution of the corresponding Hamilton equations which lives on the constraint space Q
yields a solution of the Euler-Lagrange equations. One may hope that, conversely, for any
solution of the Euler-Lagrange equations, there exists the corresponding solution of the
Hamilton equations for some associated Hamiltonian form. In case of an almost regular
Lagrangian density which is semiregular, such a complete family of local Hamiltonian
forms always exists.
In Section 6, we spell out models with affine and almost regular quadratic Lagrangian
densities. In this case, a complete family of associated Hamiltonian forms always exists.
The corresponding Hamilton equations are separated in the dynamic equations and the
gauge-type conditions independent of momenta pλi . As a result, we get the universal
procedure of describing constraint field theories. We apply it to the gauge theory of
principal connections and the gravitation theory in Palatini variables.
2 Technical preliminary
All maps throughout are of class C∞ and manifolds are real, Hausdorff, finite-dimensional,
second-countable and connected.
A fibred manifold is defined to be the surjective submersion pi : Y → X . A locally
trivial fibred manifold is called a bundle. By V Y and V ∗Y , we denote vertical tangent
and vertical cotangent bundles of Y respectively.
Given fibred manifolds Y → X and Y ′ → X ′, let Φ : Y → Y ′ be a fibred manifold
morphism over f : X → X ′. If f = IdX , we call Φ the fibred morphism Y →X Y ′ over
X .
Given a fibred manifold Y → X and a manifold morphism f : X ′ → X, by f ∗Y is
meant the pullback of Y by f over X ′. For the sake of simplicity, the pullbacks pi∗(TX)
and pi∗(T ∗X) are denoted by TX and T ∗X respectively.
On fibred manifolds, we consider the following special types of differential forms:
(i) exterior horizontal forms Y → r∧T ∗X ;
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(ii) tangent-valued horizontal forms
φ : Y → r∧T ∗X ⊗
Y
TY,
φ = dxλ1 ∧ . . . ∧ dxλr ⊗ (φµλ1...λr∂µ + φiλ1...λr∂i);
and, in particular, soldering forms σiλdx
λ ⊗ ∂i;
(iii) pullback-valued forms
Y → r∧T ∗Y ⊗
Y
TX, Y → r∧T ∗Y ⊗
Y
V ∗Y.
Horizontal n-forms are called horizontal densities.
Given a fibred manifold Y → X , the first order jet manifold J1Y of Y is both the
fibred manifold J1Y → X and the affine bundle J1Y → Y modelled on the vector
bundle T ∗X ⊗Y V Y. The adapted coordinates (xλ, yi, yiλ) of J1Y are compatible with
these fibrations:
xλ → x′λ(xµ), yi → y′i(xµ, yj), y′iλ = (
∂y′i
∂yj
yjµ +
∂y′i
∂xµ
)
∂xµ
∂x′λ
.
There is the canonical bundle monomorphism (the contact map)
λ : J1Y →
Y
T ∗X ⊗
Y
TY, λ = dxλ ⊗ (∂λ + yiλ∂i).
Let Φ be a fibred morphism of Y → X to Y ′ → X over a diffeomorphism of X . Its
jet prolongation reads
J1Φ : J1Y → J1Y ′, y′iµ ◦ J1Φ = (∂λΦi + ∂jΦiyjλ)
∂xλ
∂x′µ
.
The jet prolongation of a section s of Y → X is the section yiλ ◦ J1s = ∂λsi of J1Y → X .
The repeated jet manifold J1J1Y , by definition, is the first order jet manifold of
J1Y → X . It is provided with the adapted coordinates (xλ, yi, yiλ, yi(µ), yiλµ). Its subbundle
Ĵ2Y with yi(λ) = y
i
λ is called the sesquiholonomic jet manifold. The second order jet
manifold J2Y of Y is the subbundle of Ĵ2Y with yiλµ = y
i
µλ.
Given a fibred manifold Y → X , a jet field Γ on Y is defined to be a section of the
jet bundle J1Y → Y . A global jet field is a connection on Y . By means of the contact
map λ, every connection Γ on Y can be represented by the tangent-valued form λ ◦ Γ on
Y . For the sake of simplicity, we denote this form by the same symbol
Γ = dxλ ⊗ (∂λ + Γiλ∂i).
Let Γ be a connection and σ be a soldering form on a fibred manifold Y . Then, their
affine sum Γ + σ is a connection on Y . Let Γ and Γ′ be connections on Y . Then, their
affine difference Γ′ − Γ is a soldering form on Y .
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The Legendre manifold Π (6) of a fibred manifold Y is the composite manifold
piΠX = pi ◦ piΠY : Π→ Y → X
endowed with the fibred coordinates (xλ, yi, pλi ):
p′
λ
i = J
∂yj
∂y′i
∂x′λ
∂xµ
pµj , J
−1 = det(
∂x′λ
∂xµ
).
By J1Π is meant the first order jet manifold of Π→ X . It is provided with the adapted
fibred coordinates (xλ, yi, pλi , y
i
(µ), p
λ
iµ).
By a momentum morphism, we call a fibred morphism
Φ : Π→
Y
J1Y, (xλ, yi, yiλ) ◦ Φ = (xλ, yi,Φiλ(p)).
Given a momentum morphism Φ, its composition with the contact map λ is represented
by the horizontal pullback-valued 1-form
Φ = dxλ ⊗ (∂λ + Φiλ(p)∂i) (12)
on Π → X . For instance, let Γ be a connection on Y → X . Then, Γ̂ = Γ ◦ piΠY
is a momentum morphism. Conversely, every momentum morphism Φ of the Legendre
manifold Π of Y defines the associated connection ΓΦ = Φ ◦ 0̂ on Y → X where 0̂ is the
global zero section of the Legendre bundle Π→ Y .
3 Lagrangian formalism
Given a Lagrangian density L, the jet manifold J1Y is provided with the Lagrangian
multisymplectic form
ΩL = (∂jpi
λ
i dy
j + ∂µj pi
λ
i dy
j
µ) ∧ dyi ∧ ω ⊗ ∂λ.
Using the pullback of this form and the Poincare´-Cartan form ΞL (1) to the repeated jet
manifold J1J1Y , one can construct the exterior form
ΛL = dΞL − λ⌋ΩL = (yi(λ) − yiλ)dpiλi ∧ ω + (∂i − ∂̂λ∂λi )Ldyi ∧ ω, (13)
λ = dxλ ⊗ ∂̂λ, ∂̂λ = ∂λ + yi(λ)∂i + yiµλ∂µi ,
on J1J1Y . Its restriction to the second order jet manifold J2Y reproduces the familiar
variational Euler-Lagrange operator
EL : J2Y →
n+1∧ T ∗Y,
EL = (∂i − ∂̂λ∂λi )Ldyi ∧ ω, ∂̂λ = ∂λ + yiλ∂i + yiµλ∂µi . (14)
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The restriction of the form (13) to the sesquiholonomic jet manifold Ĵ2Y of Y defines the
sesquiholonomic extension
E ′L : Ĵ2Y →
n+1∧ T ∗Y (15)
of the Euler-Lagrange operator (14). It has the form (14) with nonsymmetric coordinates
yiµλ.
Let s be a section of the fibred jet manifold J1Y → X such that its first order jet
prolongation J1s takes its values into Ker E ′L. Then, it satisfies the system of first order
Euler-Lagrange equations
∂λs
i = siλ, ∂iL− (∂λ + sjλ∂j + ∂λsjµ∂µj )∂λi L = 0. (16)
They are equivalent to the familiar second order Euler-Lagrange equations
EL ◦ J2s = 0 (17)
for sections s of Y → X . We have s = J1s.
4 Multimomentum Hamiltonian formalism
Let Π be the Legendre manifold (6) provided with the generalized Liouville form θ (7)
and the multisymplectic form Ω (8).
Definition 1: We say that a jet field (resp. a connection)
γ = dxλ ⊗ (∂λ + γi(λ)∂i + γµiλ∂iµ)
on the Legendre manifold Π→ X is a Hamiltonian jet field (resp. a Hamiltonian connec-
tion) if the exterior form
γ⌋Ω = dpλi ∧ dyi ∧ ωλ + γλiλdyi ∧ ω − γi(λ)dpλi ∧ ω
is closed.
Hamiltonian connections constitute an affine subspace of connections on Π→ X . The
following construction shows that this subspace is not empty.
Every connection Γ on Y → X is lifted to the connection
γ = Γ˜ = dxλ ⊗ [∂λ + Γiλ(y)∂i + (−∂jΓiλ(y)pµi −Kµνλ(x)pνj +Kααλ(x)pµj )∂jµ]
on Π→ X where K is a linear symmetric connection on the bundles TX and T ∗X . We
have the equality
Γ˜⌋Ω = d(Γ̂⌋θ) (18)
which shows that Γ˜ is a Hamiltonian connection.
Definition 2: An exterior n-formH on the Legendre manifold Π is called a Hamiltonian
form if, on an open neighborhood of each point of Π, there exists a Hamiltonian jet field
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satisfying the equation γ⌋Ω = dH. This jet field γ is termed the Hamiltonian jet field for
H .
Note that Hamiltonian forms throughout are considered modulo closed forms since
closed forms do not make any contribution in the Hamilton equations.
Proposition 3: Let H be a Hamiltonian form. For any exterior horizontal density
H˜ = H˜ω on the fibred Legendre manifold Π → X , the form H − H˜ is a Hamiltonian
form. Conversely, if H and H ′ are Hamiltonian forms, their difference H − H ′ is an
exterior horizontal density on Π→ X .
In virtue of Proposition 3, Hamiltonian forms constitute an affine space modelled on
a linear space of the exterior horizontal densities on Π → X . A glance at the equality
(18) shows that this affine space is not empty. Given a connection Γ on a Y → X , its lift
Γ˜ on Π→ X is a Hamiltonian connection for the Hamiltonian form
HΓ = Γ̂⌋θ = pλi dyi ∧ ωλ − pλi Γiλ(y)ω. (19)
It follows that every Hamiltonian form on the Legendre manifold Π can be given by the
expression (10).
Moreover, a Hamiltonian form has the canonical splitting (10) as follows. Every mo-
mentum morphism Φ represented by the pullback-valued form (12) on Π yields the asso-
ciated Hamiltonian form
HΦ = Φ⌋θ = pλi dyi ∧ ωλ − pλiΦiλω. (20)
Conversely, every Hamiltonian form H defines the associated momentum morphism
Ĥ : Π→ J1Y, yiλ ◦ Ĥ = ∂iλH,
and the associated connection ΓH = Ĥ ◦ 0̂ on Y → X . As a consequence, we have the
canonical splitting
H = HΓH − H˜. (21)
Definition 4: The Hamilton operator EH for a Hamiltonian form H is defined to be
the first order differential operator
EH : J1Π→
n+1∧ T ∗Π,
EH = dH − Ω̂ = [(yi(λ) − ∂iλH)dpλi − (pλiλ + ∂iH)dyi] ∧ ω (22)
where
Ω̂ = dpλi ∧ dyi ∧ ωλ + pλiλdyi ∧ ω − yi(λ)dpλi ∧ ω
is the pullback of the multisymplectic form Ω onto J1Π.
For any jet field γ on the Legendre manifold Π, we have
EH ◦ γ = dH − γ⌋Ω.
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It follows that γ is a Hamiltonian jet field for a Hamiltonian form H if and only if it takes
its values into Ker EH, that is, satisfies the algebraic Hamilton equations
γiλ = ∂
i
λH, γλiλ = −∂iH. (23)
In particular, Hamiltonian jet fields associated with the same Hamiltonian form differ
from each other in soldering forms σ˜ on Π→ X which obey the relation
σ˜⌋Ω = 0, σ˜iλ = 0, σ˜λiλ = 0. (24)
The Hamilton operator (22) is an affine morphism and Ker EH → Π is an affine
subbundle of the jet bundle J1Π → Π. Moreover, a glance at the condition (24) shows
that, for all Hamilton operators EH , this affine subbundle is modelled on the same vector
subbundle of the bundle T ∗X ⊗Π V Π. As a consequence, we have the following assertion.
Proposition 5: A Hamiltonian connection for every Hamiltonian form always exists.
Let r be a section of the fibred Legendre manifold Π→ X such that its jet prolongation
J1r takes its values into Ker EH. Then, the Hamilton equations (23) are brought to the
first order differential Hamilton equations (11a) and (11b) Conversely, if r is a solution
(resp. a global solution) of the Hamilton equations (11a) and (11b) for a Hamiltonian
form H , there exists an extension of this solution to a Hamiltonian jet field (resp. a
Hamiltonian connection) γ which has an integral section r, that is, γ ◦ r = J1r.
5 Constraint systems
This Section is devoted to relations between the Lagrangian formalism on fibred mani-
folds and the multimomentum Hamiltonian formalism in case of degenerate Lagrangian
densities.
Given a fibred manifold Y → X , let L be a first order Lagrangian density. One
observes that, when the Legendre morphism L̂ is a diffeomorphism, the corresponding
Lagrangian system meets the unique equivalent Hamiltonian system. It follows that, if a
Legendre morphism is regular at a point, the corresponding Lagrangian system reduced
to an open neighborhood of this point has the equivalent local Hamiltonian system. In
order to keep this equivalence in case of degenerate systems, we require that the image of
a configuration space by the Legendre morphism contains all points where the momentum
morphism is regular.
Definition 6: We shall say that a Hamiltonian form H is associated with a Lagrangian
density L if H satisfies the relations
L̂ ◦ Ĥ |Q= Id Q, Q = L̂(J1Y ), (25a)
H = H
Ĥ
+ L ◦ Ĥ. (25b)
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The relation (25b) results in the condition
(pµi − ∂µi L ◦ Ĥ)∂iµ∂aαH = 0.
A glance at this condition shows that (i) the condition (25a) is the corollary of the
condition (25b) if the momentum morphism Ĥ is regular at all points of Q and (ii)
Ĥ is not regular outside the constraint space Q.
Let us emphasize that different Hamiltonian forms can be associated with the same
Lagrangian density.
Proposition 7: Given a Lagrangian density L, let Φ be a momentum morphism asso-
ciated with the Legendre morphism L̂, that is,
L̂ ◦ Φ |Q= Id Q. (26)
Let us consider the Hamiltonian form
HLΦ = HΦ + L ◦ Φ (27)
where HΦ is the Hamiltonian form (20). If
ĤLΦ = Φ, (28)
then the Hamiltonian form (27) is associated with L.
If a Lagrangian density L is hyperregular, there always exists the unique Hamiltonian
form
H = H
L̂−1
+ L ◦ L̂−1
associated with L.
Contemporary field theories are almost never regular, but semiregular and almost
regular. Also in this case, one can get the workable relations between Lagrangian and
multimomentum Hamiltonian formalisms [11, 12, 18].
Proposition 8: All Hamiltonian forms associated with a semiregular Lagrangian density
L consists with each other on the constraint space Q, and the Poincare´-Cartan form ΞL
for L is the pullback
ΞL = H ◦ L̂, piλi yiλ − L = H(xµ, yi, piλi ), (29)
of any associated Hamiltonian form.
Proposition 9: Let H be a Hamiltonian form associated with a semiregular Lagrangian
density L. The Hamilton operator EH for H satisfies the relation
ΛL = EH ◦ J1L̂.
Proposition 10: (i) Let a section r of Π→ X be a solution of the Hamilton equations
(11a) and (11b) for a Hamiltonian form H associated with a semiregular Lagrangian
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density L. If r lives on the constraint space Q, the section s = Ĥ ◦ r of J1Y → X
satisfies the first order Euler-Lagrange equations (16). (ii) Given a semiregular Lagrangian
density L, let s be a solution of the first order Euler-Lagrange equations (16). Let H be
a Hamiltonian form associated with L so that
Ĥ ◦ L̂ ◦ s = s. (30)
Then, the section r = L̂ ◦ s of Π→ X is a solution of the Hamilton equations (11a) and
(11b) for H . It lives on the constraint space Q. (iii) For every sections s and r satisfying
(i) or (ii), we have the relations
s = J1s, s = piΠY ◦ r
where s is a solution of the second order Euler-Lagrange equations (17).
We shall say that a family of Hamiltonian forms H associated with a semiregular
Lagrangian density L is complete if, for each solution s of the first order Euler-Lagrange
equations (16), there exists a solution r of the Hamilton equations (11a) and (11b) for
some Hamiltonian form H from this family so that
r = L̂ ◦ s, s = Ĥ ◦ r, s = J1(piΠY ◦ r).
In virtue of Proposition 10, such a complete family exists if and only if, for each solution
s of the Euler-Lagrange equations for L, there exists a Hamiltonian form H from this
family so that the condition (30) holds.
We establish existence of a complete family of Hamiltonian forms associated with a
Lagrangian density which is both semiregular and almost regular [12, 18].
Proposition 11: Let L be an almost regular Lagrangian density. (i) On an open
neighborhood of each point q ∈ Q, there exists a momentum morphism Φ which obeys
the conditions (26) and (28) and so, the local Hamiltonian form (27) is associated with
L. (ii) If L is a semiregular Lagrangian density, there exists a complete family of local
associated Hamiltonian forms on an open neighborhood of each point p ∈ Q.
Note that, if the imbedded constraint space Q is not an open subbundle of Π, it can not
be provided with the multisymplectic structure. Therefore, to consider solutions of the
Hamilton equations on Q, one must introduce a Hamiltonian form and the corresponding
Hamilton equations at least on some open neighborhood of Q. Another way consists in
constructing the Hamilton-De Donder type equations on the imbedded constraint space
Q. Let an almost regular Lagrangian density L be semiregular and HQ the restriction of
the associated Hamiltonian forms to Q. For sections r of the fibred manifold Q→ X , we
can write the equations
r∗(u⌋dHQ) = 0 (31)
where u is an arbitrary vertical vector field on Q → X . Since dHQ 6= dH |Q, these
equations fail to be equivalent to the Hamilton equations restricted to Q. At the same
time, we have ZL = HQ(Q) and the equations (31) are equivalent to the Hamilton-De
Donder equations (5).
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6 Quadratic and affine Lagrangian densities
In this Section, we construct complete families of Hamiltonian forms associated with
almost regular quadratic and affine Lagrangian densities. They are semiregular.
Let us consider a quadratic Lagrangian density given by the coordinate expression
L = Lω, L = 1
2
aλµij (y)y
i
λy
j
µ + b
λ
i (y)y
i
λ + c(y), (32)
where a, b and c are local functions on Y with the corresponding transformation laws. It
is semiregular. The associated Legendre morphism reads
pλi ◦ L̂ = aλµij yjµ + bλi . (33)
It is an affine morphism over Y . We have the corresponding linear morphism
L : T ∗X ⊗
Y
V Y → Π, pλi ◦ L = aλµij yjµ.
Note that almost all quadratic Lagrangian densities of field models take the form
L = 1
2
aλµij y
i
λy
j
µ + c(y), y
i
µ = y
i
µ − Γiµ, (34)
where Γ is a connection on Y . It is equivalent to the fact that the constraint space Q
given by the Legendre morphism (33) contains the zero section 0̂(Y ) of Π → Y . Then,
Ker L̂ is an affine subbundle of J1Y → Y and there exists a connection Γ on Y such that
Γ : Y → Ker L̂, aλµij Γjµ + bλi = 0. (35)
With this connection, the Lagrangian density (32) can be brought into the form (34). If
the Lagrangian density (32) is regular, the connection (35) is unique.
Let L be an almost regular quadratic Lagrangian density such that 0̂(Y ) ⊂ Q. Then,
there exists a linear pullback-valued horizontal 1-form
σ : Π→ T ∗X ⊗
Y
V Y, yiλ ◦ σ = σijλµpµj , (36)
on Π→ X which satisfies the condition
L ◦ σ ◦ iQ = iQ (37)
where iQ denotes the imbedding of Q into Π.
The connection (35) and the form (36) are the key objects in our construction.
Since L and σ are linear morphisms, L ◦ σ is a surjective submersion of Π onto Q. It
follows that
σ = σ ◦ L ◦ σ, (38)
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and we have the splitting
J1Y = Ker L̂⊕
Y
Imσ. (39)
Moreover, there exists σ such that
Π = Kerσ⊕
Y
Q. (40)
Given a form σ (36) and a connection (35), let us consider the affine momentum
morphism
Φ = Γ + σ, Φiλ = Γ
i
λ(y) + σ
ij
λµp
µ
j . (41)
It is associated with the Legendre morphism (33). Conversely, every affine momentum
morphism associated with (33) is of the type (41). The Hamiltonian form HLΦ (27)
corresponding to Φ is associated with the Lagrangian density (32) due to the condition
(38). It reads
H = pλi dy
i ∧ ωλ − (Γiλ(pλi −
1
2
bλi ) +
1
2
σijλµp
λ
i p
µ
j − c)ω. (42)
The canonical splitting (21) of this Hamiltonian form shows that ΓH = Γ and the Hamil-
tonian density H˜ is quadratic, but it becomes affine on Ker σ.
We aim to show that the Hamiltonian forms (42) for different connections (35) con-
stitute the complete family.
Let us consider the Hamilton equations (11a) for the Hamiltonian form (42). For
sections r of Π→ X , they read
J1s = (Γ + σ) ◦ r, s = piΠY . (43)
With splitting (39), we have the following two surjections
S : J1Y → Ker L̂, S : yiλ → yiλ − σikλα(aαµkj yjµ + bαk ),
F : J1Y → Imσ, F = σ ◦ L̂ : yiλ → σikλα(aαµkj yjµ + bαk ).
With respect to these projections, the Hamilton equations (43) are brought into the pair
of equations
S ◦ J1s = Γ ◦ s, (44)
F ◦ J1s = σ ◦ r. (45)
On an analogy with gauge theory, by a gauge-type class is meant the preimage F−1(y)
of every point y ∈ Imσ. Then, the equations (44) make the sense of gauge-type conditions.
We say that these conditions are universal if they single out one representative of every
gauge-type class. It is readily observed that the conditions (44) are universal gauge-type
conditions on sections of the jet bundle J1Π→ Π when the algebraic Hamilton equations
(23) are considered, otherwise on sections r of Π→ X . At the same time, they show that
it is condition on S ◦ J1s which can supplement the underdetermined Euler-Lagrange
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equations for the degenerate Lagrangian density (32). Moreover, for every section s of Y ,
there exists a connection Γ (35) such that the gauge-type conditions (44) hold. In this
case, the momentum morphism (41) satisfies the condition
Φ ◦ L̂ ◦ J1s = J1s.
Hence, the Hamiltonian forms (42) constitute a complete family. Note that Hamiltonian
forms from this family differ only in connections Γ which are responsible for the gauge-type
condition (44).
Let us consider now an affine Lagrangian density
L = Lω, L = bλi (y)yiλ + c(y). (46)
It is almost regular and semiregular. The corresponding Legendre morphism reads
pλi ◦ L̂ = bλi (y). (47)
It follows that, in case of an affine Lagrangian density, the corresponding constraint space
is given by the section b of Π→ Y .
It is easy to see that the Hamiltonian form
H = HΓ + L ◦ Γ = pλi dyi ∧ ωλ − (pλi − bλi )Γiλω + cω, (48)
for any connections Γ on Y is associated with L (46). The corresponding momentum
morphism reads
yiλ ◦ Ĥ = Γiλ. (49)
We thus observe that, in case of the affine Hamiltonian density, the Hamilton equations
(11a) reduce to the gauge-type conditions (49).
For any section s of Y , we can choose the connection Γ which has the integral section
s. Then, the corresponding momentum morphism (49) obeys the condition
Ĥ ◦ L̂ ◦ J1s = J1s.
It follows that the Hamiltonian forms (48) constitute the complete family.
7 Gauge theory of principal connections
In this Section, the manifold X is assumed to be oriented. It is provided with a nonde-
generate fibre metric gµν and g
µν in the tangent and cotangent bundles of X . We denote
g = det(gµν).
Gauge theory of principal connections is described by the degenerate quadratic Lagran-
gian density, and its multimomentum Hamiltonian formulation exemplifies the common
attributes of the degenerate quadratic models. The feature of gauge theory consists in
the fact that splittings (39) and (40) are canonical.
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Let P → X be a principal bundle with a structure Lie group G wich acts on P on the
right by the law
rg : P → Pg, g ∈ G.
A principal connection is defined to be a G-equivariant global jet field A on P :
A ◦ rg = J1rg ◦ A, g ∈ G.
There is the 1:1 correspondence between the principal connections A on P and the
global sections of the bundle C = J1P/G called the bundle of principal connections. It is
the affine bundle modelled on the vector bundle
C = T ∗X ⊗ V GP, V GP = V P/G.
Given a bundle atlas ΨP of P , the bundle C is provided with the fibred coordinates
(xµ, kmµ ) so that
(kmµ ◦ A)(x) = Amµ (x)
are coefficients of the local connection 1-form of a principal connection A with respect to
the atlas ΨP .
The first order jet manifold J1C of the bundle C provided with the adapted coordinates
(xµ, kmµ , k
m
µλ). There exists the canonical splitting [19]
J1C = C+⊕
C
C− = (J
2P/G)⊕
C
(
2∧T ∗X ⊗
C
V GP ), (50)
kmµλ =
1
2
(kmµλ + k
m
λµ + c
m
nlk
n
λk
l
µ) +
1
2
(kmµλ − kmλµ − cmnlknλklµ),
over C where C+ → C is the affine bundle modelled on the vector bundle
C+ =
2∨T ∗X ⊗
C
V GP.
There are the corresponding canonical surjections:
(i) S : J1C → C+.
(ii) F : J1C → C− where
F = 1
2
Fmλµdxλ ∧ dxµ ⊗ em, Fmλµ = kmµλ − kmλµ − cmnlknλklµ,
The Legendre manifold of the bundle C of principal connections reads
Π =
n∧T ∗X ⊗ TX ⊗
C
[C × C]∗.
It is provided with the fibred coordinates (xµ, kmµ , p
µλ
m ) and has the canonical splitting
Π =
n∧T ∗X ⊗
C
[C
∗
+⊕
C
C∗
−
] = Π+⊕
C
Π−, (51)
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(kmµ , p
µλ
m ) = (k
m
µ , p
(µλ)
m =
1
2
[pµλm + p
λµ
m ]) + (k
m
µ , p
[µλ]
m =
1
2
[pµλm − pλµm ]).
On the configuration space (50), the conventional Yang-Mills Lagrangian density LYM
is given by the expression
LYM =
1
4ε2
aGmng
λµgβνFmλβFnµν
√
| g |ω (52)
where aG is a nondegenerate G-invariant metric in the Lie algebra of G. It is almost
regular and semiregular. The Legendre morphism associated with the Lagrangian density
(52) takes the form
L̂YM : J
1C → Q = Π− ⊂ Π,
p(µλ)m ◦ L̂YM = 0, (53a)
p[µλ]m ◦ L̂YM = ε−2aGmngλαgµβFnαβ
√
| g |. (53b)
A glance at these expressions shows that C+ = Ker L̂ and Π− = Q. It follows that the
splittings (50) and (51) are similar the splittings (39) and (40). Therefore, to construct
the complete family of multimomentum Hamiltonian forms associated with the Yang-Mills
Lagrangian density (52), we can follow the general procedure from previous Section.
Let us consider connections (35) on the bundle C of principal connections which take
their values into Ker L̂:
S : C → C+, Smµλ − Smλµ − cmnlknλklµ = 0. (54)
For all these connections, the Hamiltonian forms
H = pµλm dk
m
µ ∧ ωλ − pµλm Smµλω − H˜YMω, (55)
H˜YM = ε
2
4
amnG gµνgλβp
[µλ]
m p
[νβ]
n | g |−1/2,
are associated with the Lagrangian density LYM and constitute the complete family.
Moreover, we can minimize this complete family if we restrict our consideration to connec-
tions (54) of the following type. Given a symmetric linear connection K on the cotangent
bundle T ∗X of X , every principal connection B on P is lifted to the connection SB (54)
such that
SB ◦B = S ◦ J1B,
SB
m
µλ =
1
2
[cmnlk
n
λk
l
µ + ∂µB
m
λ + ∂λB
m
µ − cmnl(knµBlλ + knλBlµ)]−Kβµλ(Bmβ − kmβ ). (56)
We denote the Hamiltonian form (55) for the connections SB (56) by HB.
The corresponding Hamilton equations for sections r of Π→ X read
∂λp
µλ
m = −cnlmklνp[µν]n + cnmlBlνp(µν)n −Kµλνp(λν)m , (57)
∂λk
m
µ + ∂µk
m
λ = 2SB
m
(µλ) (58)
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plus the equation (53b).
The equations (58) and (53b) are similar to the equations (44) and (45) respectively.
The equations (53b) and (57) restricted to the constraint space (53a) are the familiar
Yang-Mills equations for A = piΠC ◦ r. These equations are the same for all Hamiltonian
forms HB and exemplify the Hamilton-De Donder equations (5). Different Hamiltonian
forms HB lead to different equations (58) which play the role of the gauge-type condition
SB ◦ A = S ◦ J1A.
At the same time, given a solution A of the Yang-Mills equations, there always exists a
multimomentum Hamiltonian form HB such that
ĤB ◦ L̂YM ◦ J1A = J1A.
For instance, this isHB=A. It follows that the Hamiltonian formsHB constitute a complete
family.
The gauge-type conditions (58) however differ from the familiar gauge conditions in
gauge theory. Gauge-type classes introduced in previous Section are preimages F−1(e) of
points e ∈ C−, whereas the orbits of the gauge group acting on J1C belong to preimages
(pr1 ◦ F)−1(v) of points
v ∈ 2∧T ∗X ⊗
X
V GP.
The gauge-type conditions (58) are universal conditions on sections of the jet bundle
J1C → C, whereas the familiar gauge conditions are locally universal conditions on
sections of J1C → X and single out a representative in each class of gauge conjugate
potentials (with accuracy to the Gribov ambiguity). Namely, if A is a solution of the
Yang-Mills equations, there exists a gauge conjugate A′ which also is a solution of the same
Yang-Mills equations and satisfies given gauge conditions. However, not every solution of
the Yang-Mills equations obeys one or another gauge condition utilized in gauge theory.
In this sense, the system of these gauge conditions is not complete. In gauge theories, this
deficiency is not important since all conjugate gauge potentials are treated as physically
equivalent, otherwise for other degenerate field systems, e.g. the Proca field. At the
same time, we have a complete family of gauge-type conditions. For instance, in cases of
electromagnetic fields and the Proca field, the gauge-type condition (58) takes the form
∂µAν + ∂νAµ = αµν(x).
In particular, one can reproduce the standard Lorentz and α-gauge conditions or introduce
other conditions on ∂µAν + ∂νAµ.
8 Gravity in multimometum variables
In this Section, X is a 4-dimensional world manifold which obeys the well-known topo-
logical conditions in order that a gravitational field exists on X4.
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In the gauge gravitation theory, classical gravity is described by pairs of tetrad fields
and reducible Lorentz connections which play the role of gauge gravitational potentials
[17]. In the absence of Dirac fermion fields, one can follow the affine-metric formulation
of General Relativity when gravitational variables are both a pseudo-Riemannian metric
g on a world manifold X4 and a linear connection K on TX . We call them a world metric
and a world connection.
The world connections are associated with principal connections on the principal bun-
dle LX → X4 of linear frames in TX . The structure group of LX is GL4 = GL+(4,R).
Hence, there is the 1:1 correspondence between the world connections and the global
sections of the bundle of principal connections
C = J1LX/GL4.
There is the 1:1 correspondence between the world metrics g on X4 and the global
sections of the bundle Σ of pseudo-Euclidean bilinear forms in tangent spaces to X4. This
bundle is associated with LX . The 2-fold covering of the bundle Σ is the quotient bundle
LX/SO(3, 1).
Thus, the configuration space of the affine-metric gravitational variables is represented
by the product of the corresponding jet manifolds
J1C ×
X4
J1Σ. (59)
It is provided with the adapted coordinates (xµ, gαβ, kαβµ, g
αβ
λ, k
α
βµλ) with respect to a
holonomic bundle atlas of LX .
Also the phase space Π is the product of the Legendre manifolds (6) of the bundles C
and Σ. The fibred coordinates of Π are (xµ, gαβ, kαβµ, pαβ
λ, pα
βµλ).
On the configuration space (59), the Hilbert-Einstein Lagrangian density of General
Relativity reads
LHE = − 1
2κ
gβλFαβαλ
√−gω, (60)
Fαβνλ = kαβλν − kαβνλ + kαενkεβλ − kαελkεβν .
It is affine, and we can follow the general procedure ¿from Section 6. The corresponding
Legendre morphism is given by the expressions
pαβ
λ ◦ L̂HE = 0,
pα
βνλ ◦ L̂HE = piαβνλ = 1
2κ
(δναg
βλ − δλαgβν)
√−g. (61)
Let us construct complete family of Hamiltonian forms (48) associated with the La-
grangian density (60). To minimize it, we consider a certain subset of connections on the
bundle C × Σ. Let K be a world connection and
SK
α
βνλ =
1
2
[kαενk
ε
βλ − kαελkεβν + ∂λKαβν + ∂νKαβλ
−2Kε(νλ)(Kαβε − kαβε) +Kεβλkαεν +Kεβνkαελ −Kαελkεβν −Kαενkεβλ]
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the corresponding connection (56) on the bundle C. Let K ′ be another symmetric world
connection which induces a connection on the bundle Σ. On the bundle C×Σ, we consider
the following connection
Γαβλ = −K ′αελgεβ −K ′βελgαε, Γαβνλ = SKαβνλ −Rαβνλ (62)
where R is the curvature of the connection K. The corresponding Hamiltonian form (48)
is given by the expression
HHE = (pαβ
λdgαβ + pα
βνλdkαβν) ∧ ωλ −HHEω,
HHE = −pαβλ(K ′αελgεβ +K ′βελgαε) + pαβνλΓαβνλ −Rαβνλ(pαβνλ − piαβνλ). (63)
It is associated with the Lagrangian density LHE . Given HHE (63), the corresponding
covariant Hamilton equations for General Relativity read
∂λg
αβ +K ′
α
ελg
εβ +K ′
β
ελg
αε = 0, (64a)
∂λk
α
βν = Γ
α
βνλ − Rαβνλ, (64b)
∂λpαβ
λ = pεβ
σK ′
ε
ασ + pεα
σK ′
ε
βσ +
1
κ
(Rαβ − 1
2
gαβR)
√−g, (64c)
∂λpα
βνλ = −pαε[νγ]kβεγ + pεβ[νγ]kεαγ
−pαβεγKν (εγ) − pαε(νγ)Kβεγ + pεβ(νγ)Kεαγ . (64d)
The equations (64a) and (64b) represent the gauge-type conditions (49). In accordance
with the canonical splitting (50), the equations (64b) are brought into the pair of equations
Fαβνλ = Rαβνλ, (65)
∂ν(K
α
βλ − kαβλ) + ∂λ(Kαβν − kαβν)− 2Kε(νλ)(Kαβε − kαβε) +Kεβλkαεν
+Kεβνk
α
ελ −Kαελkεβν −Kαενkεβλ = 0. (66)
For a given world metric g and a world connection k, there always exist connections K ′
and K such that these gauge conditions hold. It follows that the Hamiltonian forms (63)
consitute a complete family.
Being restricted to the constraint space (61), the equations (64c) and (64d) read
1
κ
(Rαβ − 1
2
gαβR)
√−g = 0, (67)
Dα(
√−ggνβ)− δναDλ(
√−ggλβ) +√−g[gνβ(kλαλ − kλλα)
+gλβ(kνλα − kναλ) + δναgλβ(kµµλ − kµλµ)] = 0, (68)
Dλg
αβ = ∂λg
αβ + kαµλg
µβ + kβµλg
αµ.
Substituting the condition (65) into the equation (67), we obtain the Einstein equations
Fαβ − 1
2
gαβF = 0. (69)
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The equations (68) and (69) are the familiar equations for a gravity in the nonsymmetric
Palatini variables. The former is the equation for torsion and nonmetricity terms of the
connection kαβν . In the absence of matter, it has the well-known solution
kαβν = {αβν} − 1
2
δαν Vβ, Dαg
βγ = Vαg
βγ,
where Vα is an arbitrary covector field corresponding to the so-called projective freedom.
The multimomentum quantum field theory has been hampered by the lack of satisfac-
tory commutation relations between multimomentum canonical variables. At the same
time, the multimomentum Hamiltonian formalism can be extended to quantum field the-
ory if one considers chronological forms, but not commutation relations [21]. Moreover,
it may incorporate together the canonical and algebraic approaches to quantization of
fields.
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